DIVISIBILITY PROPERTIES OF HYPERGEOMETRIC
POLYNOMIALS
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ABSTRACT. In this paper we give effective upper bounds for the degree
k of divisors (over Q) of hypergeometric polynomials defined by

S S COF R
; T (b)(c);

where (m); = m(m+1)---(m+j—1) denotes the Pochhammer symbol

and ao, . . ., an are integers with |ag| = |an| = 1,6 = —n—r,b = a+1,¢ >
1 and o = —tn — s — 1,tn + s for integers r > 0,t > 1, s, c bounded in
terms of k. These results generalize on earlier results of the authors and

others on generalized Laguerre polynomials.
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1. INTRODUCTION AND RESULTS

For rational numbers a, b, ¢ the hypergeometric polynomials are defined
by

z) — - (a); 2
nel®) = 2 e

where (m); = m(m +1)---(m + j — 1) denotes the Pochhammer symbol.
We mention that such polynomials appear by truncating the infinite series

given by generalized hypergeometric functions of type o Fs(a, 1;b, ¢; z) (with

the usual notation for such functions). For a = —n,b = a+1,¢c = 1 one gets
n! " (a4n)---(a4j+1) ,
_ z) = —2)

(a+1)---(a+mn) "

the generalized Laguerre polynomials (up to a constant).

fCorresponding author.
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Let n, s and ¢ be integers with n > 2 and |s| < n and

(1) a=—tn—s—1witht>2
or
(2) a=tn+s with t > 1.

Such polynomials have been studied extensively, especially the case L%a) (x),
starting with work by Schur [10, 11], Coleman [1] and Filaseta and others
(see e.g. [3]). We also mention the papers [2] and [5] since we shall be using

their arguments. Now we are additionally assuming that
(3) a=-n—-r, b=a+1l, c¢>1
for integers r, ¢ with r > 0. Let « satisfy (1). Then
(n+r)l(c—1)!

|
— e
Gabe(T) ((t—1)n+3+1)---(tn+s)(n+r+c—1)!;ij
with
+r4+c—1 .
(4) cj=<" tTe >((t—1)n+s—|—1)---((t—1)n+s+])
T+
and therefore we have for m € {0,...,n} that
Cn (tn+s)! (n+r—m)(m+c—1)!
(5) - —m)! ! — 1)
hem (n+s—m)! (n+r)! (c—1)

Now let « satisfy (2). Then we have

—1)"e—=1Dl(n+r)! ) on—j
(=1)"(e = DY Zc

ga,b,c(w): (tn+s+1)---(t+1)n+s)(n+c+r—1)!

with

© g=cv(

and therefore we have
ch mn+s+m)(n+r—m)!(m+c—1)
(7) = (=1) , , —
(tn + s)! (n+r)! (c—1)!

/
cn—m

n+r+c—1

rt i >((t+1)n+s—j+1)---((t+1)n+s)

for m € {0,...,n}. For 0 < j < n, we write d; = ¢; or ¢} according as

satisfies (1) or (2). Moreover, we set

x) = i djx"™
=0
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and .
F(z) = Zajdj:r"_j
§=0
for integers ag, . .., a,. Here we notice that F'(x) is the polynomial stated in

the abstract.

Our intention is to generalize the results of [6] to this extended setting.
It was proved there that for integers a, ..., a, with |ag| = |a,| = 1 there
exist effectively computable absolute constants 1y and e such that for all
no < k < § and for all a with ¢t < elogk,0 < s < eklogk the polynomial
F(x) does not have a factor of degree k. We also mention that for 2 < k < 3,
it was proved in [9, Theorem 1.3] that if for given € > 0 the hypergeometric
polynomial gy a41, With 0 < o < k and r+c¢ < (1/3—¢)k has a divisor of
degree k, then k is bounded by an effectively computable constant depending

only on ¢, and in [9, Theorem 1.4] that g_p o411 With « = —n —s—1 and
0 < s < 0.95k has no factor of degree k at all.
In the sequel we will denote by 11,12, . .. effectively computable absolute

positive real constants.

Theorem 1. Let ag,...,a, be any integers with |ag| = |ay| = 1. Then there
n

exist constants € > 0 and ny such that for all ;; < k < § and for all a
satisfying (1) with t > 4 or (2) with t > 3 and for

t<elogk, max{r,c} <k, |[s|<cekd,
where ¥ = log k, the polynomial F(x) does not have factor of degree k.

Moreover, under the abc-conjecture, the statement holds true with ¥ =

logn.

For small values of ¢t in both the cases for o we also get results, but
under slightly stronger restrictions. We state them separately in the following

theorem.

Theorem 2. The statement of Theorem 1 holds true for
max{r, c, |s|} <k, 7+ c+|s| <n1*e if o satisfies (1) with t = 2,
max{r,c,|s|} <k, r+c< nb/11+e if « satisfies (2) with t =1,

and for
HlaX{ﬁ C} <k, |5| <ekd, r+c< n6/11+€

if a satisfies (1) with t =3 or (2) with t = 2.
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The two theorems imply [6, Theorem 1,2] apart from the values of e.
Further we observe that we cover the negative values of s in contrast to the
situation in [6].

In the proof we will again use the p-adic Newton polygon, where the prime
p satisfies certain properties. Let us write v, for the p-adic valuation and

vp(0) = co. Then we use the following lemma, which we take from [2]:

Lemma 1. Let k and [ be integers with k > 1> 0 and k < 5. Suppose that
g(z) = Z bjx" I € Z]x]
§=0

and p is a prime such that p { by, p|b; for all j € {I+1,...,n} and the slope
of the right-most edge of the Newton polygon for f(x)

0(bn) = V()
mx { }

1<m<n m

is < 1/k. Then for any integers ag,...,a, with |ag| = |a,| = 1, the polyno-
mial

n
G(z) = Z ajbjx"
j=0
cannot have a factor with degree in the interval [l + 1, k].

The existence of such primes is the main challenge (and also the most
significant difference to our results in [6]) and this will be guaranteed by
tools from analytic number theory. The result on primes that we are needing

is the following lemma:

Lemma 2. There exists a constant 1y such that for all x > ne and for all
% < 6 <1 we have

Y

0.969
log

< 7(x) —m(z—y)
fory = z%, where m(x) is the prime counting function.

This result is taken from [7]. Moreover, for the conditional result in The-

orem 1 we recall the abc-conjecture that we will use.

Lemma 3 (abc-Conjecture). For every € > 0 there exists a constant v =
v(€) depending only on € such that for all coprime nonzero integers a,b,c
with a + b = ¢ the inequality

max{al, [B], |c[} < yN(abe)'*
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holds, where N(m) denotes the product over all different prime divisors of

m.

Now we have everything ready to give the proof of Theorem 1 and The-
orem 2 that will be done simultaneously in the next section.

2. PROOF OF THEOREM 1 AND 2

For the proof we assume that F(x) has a factor of degree k such
that £ < 5 and k exceeds a sufficiently large constant ;. Let ¥ = logn if
the abc-conjecture holds and ¢ = log k otherwise. Moreover, we put § = 1/4.

By Lemma 2 there exists ¢ with
n13/22 < (< ((t+ 1)7’L—|—8)13/22

such that (t —1)n+s+Lor (t+1)n+s— £+ 1is a prime p according as
(1) or (2) holds, respectively. Then it follows from (4) and (6), respectively,
that p||d; for j € {¢,...,n} (here we use, as usual, d||d; for d|d; and d? t d;).
Next we show that p > n + ¢ + r. For this we have to take special care of
the small values of t. We have

(t—1n+s+L>n—|s|+nN* e >npetr  if (1) with t = 2,
(t—Dn+s+L>n+n"H > ppeqr if (1) with ¢t = 3,
(t+Dn+s—L+1>n+n/2—n"")+1
>n4nSe S petrif (2) with £ =1,
(t+1)n+s—L+1>n+(n—n/t)
>n+n¥ s pegr if (2) with t =2
and finally p > 2n > n 4 ¢+ r in all other cases. This implies p 1 dp.

Therefore, the right-most edge of the p-adic Newton polygon for f(z) has
slope < 1/k. By Lemma 1 we conclude that k < ¢ < (3enlogn)/22 < n7/11,

Now we will first consider the case (1), i.e. that « = —tn —s — 1. We
write z = 6ekt. Observe that every prime p > z > k that divides ((¢ —
I)n+s+1)---((t —1)n+ s+ k) divides exactly one of the factors, so
p|(t —1)n+ s+ 1+ ¢ for some 0 < ¢ < k — 1. We shall show that a prime
with this property exists. For this purpose we use the following lemma (cf.
[4, Lemma 6] and [6, Lemma 5]).
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Lemma 4. Let z be a positive real number. For each prime p < z, let
dy € {n,n—1,...,n—k+ 1} with vy(d,) mazimal. Define

Qz = Qz(n’ k) = Hpvp(A)
p>z
with A=n(n—1)---(n—k+1). Then
(n —k+ 1)k
(k—1)! ’

nn—1)---(n—k+1)
(k= DI, @

where w(z) denotes the number of primes < z.

>

Q- =

By the above lemma we get for 1 = log k that

((t=Dn+s+1)" S pk—2m(x)=Tk/11
(k—=1N((t—Dn+s)™=) ~
> n(4/11712s(1+6)2)k >1

Q.(t—n+s+k k) >

where we have used the inequality (k — 1)! < k* < n"/11 and the estimate

(14 9)6ekv 9
< LT < 6e(l k
m(z) < log(6ck0) = 6e(1 +9)°k,

that follows at once from the prime number theorem. It remains to show
that we also have a prime p > nsklogn > z for some n3 and for £ small
enough, dividing ((t —1)n+s+1)---((t — 1)n + s + k), if we assume the
abc-conjecture to be true. For this we just have to follow the arguments of
[8, Theorem 1]. We give the proof for the readers convenience (and since the
statement that is proved there, at first sight, does not seem to be connected
to what we need). For a prime p dividing two different factors of this product

of k consecutive terms we have p < k. Thus

k
[IN@—vn+s+iy< [ [Ip] I]P** < maexp (ns(P +klogk)),
=1 p<P p<k
where P denotes the largest prime divisor of ((t—1)n+s+1)---((t—1)n+
s+k) and N(m) the product over all primes dividing m. Now let j1, jo with
N({(t—1)n+s+yj1) < N((t —1)n+ s+ j2) be the smallest two values in the
set {N((t—1)n+s+7j);1<j <k} It follows

K 1/(k—1)
N((t—1)n+s+7j2) < (HN((t—l)n—i—s—i—i))

i=1
exp (ne(P/k + logk)) .
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We apply Lemma 3 with ¢ =1 to the equation

(t—Dn+s+1 (E—Dn+s+jo _J1—J2
d d d

. (N <(t— 1)nd+s+j1> N <(t—1)nd+s+j2> 71 ;j2|)2

< exp (ns(P/k +logk)),

and get

S
IN

where d denotes the greatest common divisor of (t — 1)n + s + j; and (¢ —
1)n + s + jo. Finally, this implies P > ngk log n.

Thus there is a prime p > z dividing ((t—1)n+s+1)--- ((t—1)n+s+k),
say p divides (t — 1)n+ s+ 1+ £ with 0 < ¢ < k — 1. We may assume that
pin+c+ifor every 0 < i < r — 1, since assuming the contrary we have
p|n—+c+i, which implies that p divides [(t—1)n+s+1+L—(t—1)(n+c+i)| <
|s|+1+l+tc+tr < eki+k+2eklogk < 4ekd < z, a contradiction. It follows
that p satisfies p|c; for £4+1 < j <nand p{ co. Definem = m(p) € {1,...,n}
such that

vp(en) —T:é)]f)cnm(m) ~ max { vp(cn) —ﬂ:p(cn—m)}

is the slope of the right most edge of the p-adic Newton polygon for f(z)
with respect to p. Then by Lemma 1 and (5) we conclude

1 < Up(cn) — vp(Cn—m)
k— m

() ) )

For estimating the third summand we may assume that m > 5eckd, since

otherwise m + ¢ — 1 < 6ek? < p and so this summand is zero, and therefore

we get
1 m+c—1 1 m+c—1
— < — - < —
e (") = S <SE
1 c—1 1 k 1

p—1  mp—1) " 5eko ' bekvbeko = 4k

If p does not divide (tn +s—m+1)---(tn + s) then we immediately get a
contradiction. Thus we may assume that p divides tn + s — ¢ with 0 < ¢ <
m — 1. But then it also divides t((t — 1)n+s+/£+1)— (t—1)(tn+s—1i) =
t(l+1)+ s+ (t —1)i and therefore p < 2¢kf +emlogk < 2¢kd + 2emlog k.
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Since p > z = 6k, this implies that
2k1
(8)

log k
Moreover we get

oo ) 225

<iz @4_1 <L+i<i+i
_mj:1 pJ “p—1 m = 12k m’

where
7. log(tn + s)
=" legp |
This gives m < 3kJ/2 and thus
(9) < 3k log(tn + s) - 3(1+4d)klogn
2 log p 2logk
If ¥ = log n, then it follows from (8) and (9) that 2logn = 29 < 3(146) logn.

This contradiction proves the result if we assume that the abc-conjecture is

true. Now we give the proof for the case ¥ = logk. In fact all the above
statements are true for every prime p > z dividing (t — 1)n + s+ 1 4 ¢ for
some 0 < ¢ < k — 1. Especially this is the case for the inequalities (8) and
(9). Next we will prove the existence of such a prime with even stronger
assumptions.

Let U be the set of numbers (t—1)n+s+1+j with 0 < j < k—1, where
for every prime ¢ < z we have removed those numbers d, € {(t — 1)n +
s+1,...,(t—1)n+s+k— 1} with v,(d,;) maximal. We mention that all
elements of U are > n if t > 2 and > n/2 if t = 2. Now let 2 be the set of all
primes ¢ > z with v,(u) > 0 for some u € U and ¢*«(*) < (2k +m)elog k for
all u € U. Observe that all such ¢ divide exactly one u € U, since ¢ > z > k.

Thus we have

log H H """ | <log H (2k +m)elogk

u€el qe 2<q<(2k+m)elog k
7((2k +m)elog k) log((2k + m)elogk) < (1 + 0)e(2k + m)logk
e(1+0)(2klogk + 3klogn) < 5¢(1 + d)klogn,

IN

A
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where for the second summand (9) was used. It follows that

log H H qvq(u) + log H H qu(u)

uel q<z uelU qefd
(1+0)6eklogk
log(6ek log k)

since k < n7/11. On the other side we have

2
logk + 5e(1 + d0)klogn < gk:log n,

log<H u) >log(((t—1)n+s+1)---((t—1)n+s+k—mn(2)))

uelU
2
> (k — W(z))logg > gklogn.

By comparing the lower and upper bound just obtained we conclude that
there is a prime ¢ > z that divides some element u € U with the additional
property that %) > (2k +m)elogk. We write u = (t—1)n+s+£+1,0 <
¢ <k —1 and define f by ¢/7! < (2k + m)elogk < ¢/ and such that ¢f|u.
Observe that 1 < f < vy(u).

Now if qf divides tn + s — ¢ for some 0 < i < m — 1, then it also divides
[t(t—D)n+s+L+1)—(t—1)(tn+s5—i)| < tl+t+|s|+ (t—1)i < 3eklogk
which contradicts the fact that ¢/ > (2k +m)elogk by (8). Thus ¢/ does

not divide tn + s — i for any 0 < i < m — 1 and we conclude
-1
1 (tn + s)! 1 m 1 f—1
= B S A g — 41 )< — 4+ —.
4k qu<(tn—|—s—m)! _m; qJ+ _q—1+ m

For f =1 we immediately get a contradiction. For f > 2 we get
2(2k+m)elogk > ¢/ 1+ (2k+m)elog klogk > (f — 1)6¢k log k + 4ek log k,

where we have used (8), and therefore 3(f — 1)k < m, which gives
3_ 1 . f-1_5 1 _3

WS g1 m S12k T3k

a contradiction again. This completes the proof in this case.

Now we come to the case (2), i.e. that @ = tn + s. Here we can argue
in almost the same way. We have to consider primes p > z = 6ekv that
divide ((t+1)n+s—k+1)---((t+1)n+ s) and we show by following the
arguments from above that such a prime exists. As before we may assume
that a prime dividing (¢t + 1)n + s — £ for some 0 < ¢ < k — 1 does not
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divide any of n + ¢+ for 0 < ¢ < r — 1, since otherwise we have that p
divides [t +1)n+s—C0—(t+1)(n+c+i)| < |s|+ L+ (t+1)(c+71) <
ek¥ + k + 4eklogk < 6ekt = z. Therefore it follows that such a p satisfies
ple; for £+ 1 < j < n and p { ¢j. Proceeding as in the previous case we
conclude from Lemma 1 and (7) that

1 0p(ch) ~ vpldh)

k— m

e o e

In the same way as before we can estimate the third summand and we

may assume that p divides tn 4+ s+ m — ¢ with 0 <7 < m — 1 and therefore
6k = 2z < p < [t((t+1)n+s—0)—(t+1)(tn+s+m—i)| < tl+|s|+(t+1)m <
2ek¥ + 2me log k, which again implies 2k19/log k < m. On the other hand,
one shows m < 3kJ/2 with
7. {log((t +1)n+ S)J
log p ’
which gives m < 3(1 4 d)klogn/(2logk). For ¥ = logn we conclude the

proof by comparing the lower and upper bound for m. Thus we may assume
that ¥ = logk. By arguing as above we get a prime ¢ > z that divides
exactly one element of the form u = (t+1)n+s—¢,0 < ¢ < k—1 and with
q""™) > (2k +m)elog k (observe that now all such elements u are > n). By
defining f as before we conclude that ¢f does not divide tn + s + 1 + i for
any 0 < ¢ < m — 1, since otherwise it would divide t((t + 1)n+s—¥¢) — (t +
D(tn+s+1+1i) = —tf —ts — (t + 1)(1 + i) that contradicts ¢/ > z being

large. Similar as in the case (1) the proof can be finished.
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